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$N$ $\mathrm{G}=Sp(2N, \mathbb{R})$ reductive dual
pair $(G, G’)$ reductive $G$ $\mathrm{G}$ $G’$
reductive dual pair Howe
([8, 54])








$\pi$ $G’$ admissible $\pi’$ $\pi\otimes\pi’$ $\Omega$
$\pi$
$\pi’$ theta
$\overline{G}$ , 6 ([10] )
$\pi’$ $\theta(\pi’)=0$
admissible $\pi=\theta(\pi’)$ $\pi’=\theta(\pi)$ 1
RIMS (2002/7/23-7/26) .












: $(G, G’)$ stable range $G’$ $\pi’$
$\pi=\theta(\pi’)$ (Li [16])
: ( )
$\text{ }(\mathrm{D}\mathrm{a}\mathrm{s}\mathrm{z}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}-\mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}- \mathrm{P}\mathrm{r}\mathrm{z}\mathrm{e}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{a}_{\backslash }[3])$
Langlands : dual pair Langlands
(Adams-Barbasch [1], Paul [26, 27])
reductive dual pair $(G, G’)$ type I type $\mathrm{I}_{\text{ }}$
4 ([8, Table 4.1]
) $G’/K’$ Hermite
1 3
TABLE 1. type I reductive dual pair
$\underline{(G,G’)N}$stablerange
$(O(p, q),$ $Sp(2n, \mathbb{R}))$ $(p+q)n$ $2n< \min(p, q)$
$(U(p, q),$ $U(m, n)))$ $(p+q)(m+n)$ $m+n \leq\min(p, q)$
$(Sp(p, q),$ $O^{*}(2n))$ $(2p+2q)n$ $n \leq\min(p, q)+1$
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dual pair stable range
stable range stable range
stable range 1
([23], [22]) Chen-
bo Zhu ( ) ( )
Theorem 1.2 (N.-Zhu). type I reductive dual pair $(G, G’)$ $(G, G’)$
stable range $G$’ $G’$ $\pi’$
$\theta(\pi’)\neq 0$ 2
(1) $\pi=\theta(\pi’)$ $K$ $\pi’$ $K$
(2) $\pi’$ $A\mathrm{C}(\pi’)=m[\overline{\mathbb{O}}]$ $A\mathrm{C}(\pi)=A\mathrm{C}(\theta(\pi’))=m[\overline{\theta(\mathbb{O})}]$
$\theta(\mathbb{O})$

















, . . . , $f_{l}\in A$
$\psi$ : $X\ni x-(f_{1}(x), f_{2}(x),$ $\ldots,$ $fi(x))\in \mathbb{C}^{l}$
$\psi$ $G$ $X$ $G$
$\mathbb{C}^{l}$
$\psi$ $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $X//G$
$(f_{1}, \ldots, f_{l})$ , . . . , $f_{l}\in A$
$A=\mathbb{C}[X]^{G}\subset \mathbb{C}[X]$
$\zeta$ : $Xarrow X//G$
$X//G$ $\mathbb{C}^{l}$
$\psi$
Theorem 21. $\zeta$ : $Xarrow X//G$
(1) $\forall y\in X//G$ $\zeta^{-1}(y)$ $G$
$X//G$ $X$ $G$
(2) $Z\subset X$ $G$ $\zeta(Z)\subset X//G$
$Z//G$
$\mathrm{e}\mathrm{r}\langle \text{ }\tilde{\text{ }}_{}’--\cdot-\supset \text{ }ffl\mathrm{J}\text{ }\#\mathrm{T}^{\backslash }\vee C\mathrm{k}_{}^{\mathrm{z}}\grave{\eta}_{\text{ }}arrow \text{ }\text{ }\acute{j\mathrm{E}}l^{arrow}\supset\mathrm{A}\mathrm{a}^{-C\#\mathrm{h}_{\text{ }}ffl\mathrm{J}\grave{\mathrm{x}}l\mathrm{h}^{\backslash }[33,\S 5.1]},$
$[30]$
Example 22. $G$ $G$ Lie $\mathfrak{g}_{\text{ }}$ Cartan $\mathfrak{h}$
$W=W(\mathfrak{g}, \mathfrak{h})$ Weyl $G$ $\mathfrak{g}$
$\mathfrak{g}//G=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathbb{C}[\mathfrak{g}]^{G}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathbb{C}[\mathfrak{h}]^{W}$ ( $\cdot.\cdot$ Chevalley )
$=\mathfrak{h}/W\simeq C$ $(l=\dim \mathfrak{h})$
$t\in \mathfrak{h}/W$ $\zeta$ : $\mathfrak{g}arrow \mathfrak{h}/W=\mathfrak{g}//G$
$\zeta^{-1}(t)=$ { $x\in \mathfrak{g}|x$ $t$ $G$ }
Ad $G\cdot t$
$\mathfrak{g}//G$ ( ) =( )
$t\in \mathfrak{h}$ $\zeta^{-1}(t)=\mathrm{A}\mathrm{d}G\cdot t$
generic 3
“ ” $N=\zeta^{-1}(0)$
Example 2.3. $X=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{C})$ $G=GL_{n}(\mathbb{C})$ $gA{}^{t}g(g\in GL_{n},$ $A\in$
$\mathrm{S}\mathrm{y}\mathrm{m}_{n})$ $X$
3 $\zeta^{-1}(t)$ $t$ $\mathfrak{h}/W$ Zariski
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$X= \mathrm{S}\mathrm{y}\mathrm{m}_{n}=\prod_{0\leq k\leq n}\mathbb{O}_{k}$
, $\mathbb{O}_{k}=$ { $\mathrm{Y}\in \mathrm{S}\mathrm{y}\mathrm{m}$ $n|$ rank $\mathrm{Y}=k$ }
$G$ $G$ $\mathbb{O}_{0}=\{0\}$
$\mathbb{C}[X]^{G}=\mathbb{C}$
K–Q(A) $A=\mathbb{C}[X]^{G}$ $G$ $\in \mathrm{I}\mathrm{r}\mathrm{r}(G)$
$M(\sigma)=(\sigma^{*}\otimes \mathbb{C}[X])^{G}$




Theorem 2.4. $\zeta$ : $Xarrow X//G$ generic
covariants $M(\sigma)=(\sigma^{*}\otimes \mathbb{C}[X])^{G}$ $A=\mathbb{C}[X]^{G}$
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{A}M(\sigma)=\dim(\sigma^{*})^{G_{x}}$ ($x\in X\#\mathrm{h}$ generic $\gamma J_{l\cdot\backslash \backslash }\iota 5$)
G $x$ $\sigma^{G_{x}}$ $\sigma$ $G_{x}$
Remark 25. $G\cdot x\simeq G/G_{x}$ G re-
ductive
. $M(\sigma)$ $A$ $\exists f\in A$ $A_{f}$
$d=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $AM(\sigma)$
$M(\sigma)_{f}\simeq(A_{f})^{d}$
generic $y\in X//G,$ $f(y)\neq 0$
$(A/\mathrm{m}_{y})\otimes_{A}M(\sigma)\simeq(A/\mathrm{m}_{y})\otimes_{A}.A^{d}=$









$\simeq(\sigma^{*}\otimes \mathbb{C}[X]/\mathfrak{M}_{y})^{G}$ $(\cdot.\cdot(A/\mathrm{m}_{y})\otimes_{A}\mathbb{C}[X]\simeq \mathbb{C}[X]/\mathfrak{M}_{y})$
$\simeq(\sigma^{*}\otimes \mathbb{C}[\zeta^{-1}(y)])^{G}$
$\simeq(\sigma^{*}\otimes \mathbb{C}[G/G_{x}])^{G}$ ( $\cdot.\cdot\zeta^{-1}(y)\simeq G/G_{x}$ )
$\simeq(\sigma^{*})^{G_{x}}$ ( $\cdot.\cdot$ hobenius )
$d=\dim(\sigma^{*})^{G_{x}}$
Example 2.6. $G$ Lie
$\mathbb{C}[\mathfrak{g}]=H\otimes \mathbb{C}[\mathfrak{g}]^{G}$ , H=( )
$(\sigma^{*}\otimes \mathbb{C}[\mathfrak{g}])^{G}=(\sigma^{*}\otimes H)^{G}\otimes \mathbb{C}[\mathfrak{g}]^{G}$
$\dim(\sigma^{*}\otimes \mathcal{H})^{G}$ 22 $\zeta$ : $\mathfrak{g}arrow \mathfrak{g}//G$ generic
generic Cartan $H$
$(\sigma^{*}\otimes \mathcal{H})^{G}\simeq(\sigma^{*})^{H}=$ ( $\sigma^{*}$ )
$G$
(Kostant[14, Theorem 11] )
$\mathcal{H}\simeq\sum_{\sigma\in 1\mathrm{r}\mathrm{r}(G)}\oplus(\sigma^{*})^{H}\otimes\sigma\simeq \mathbb{C}[G/H]$
$\mathcal{H}$ $G$- $\mathbb{C}[N]$ $N=\zeta^{-1}(0)$
Example 2.7. $X=M_{k,n}(\mathbb{C})$ $k\cross n$ $G=O(k, \mathbb{C})$
$\zeta$ : $M_{k,n}arrow \mathrm{S}\mathrm{y}\mathrm{m}_{n}$ $\zeta(A)={}^{t}AA$
(1) $0\leq k\leq n$ $\mathbb{O}_{k}=$ { $\mathrm{Y}\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}|$ rank $\mathrm{Y}=k$ } $\subset \mathrm{S}\mathrm{y}\mathrm{m}_{n}$
$X//G\simeq\overline{\mathbb{O}_{k}}$ $\zeta$ : $Xarrow\overline{\mathbb{O}_{k}}$ $\mathrm{Y}\in \mathbb{O}_{k}$
$\text{ }-$ W\emptyset -ADC* $\zeta^{-1}\acute{i\mathrm{E}}\text{ }$(Yk)J‘H\simeq fflO\mbox{\boldmath $\tau$}(k C\succeq ) generic $\{e\}$
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{A}(\sigma^{*}\otimes \mathbb{C}[M_{k,n}])^{G}=\dim\sigma^{*}$ , $A=\mathbb{C}[\overline{\mathbb{O}_{k}’}]\simeq \mathbb{C}[X]^{G}$
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(2) $n\leq k$ $X//G\simeq \mathrm{S}\mathrm{y}\mathrm{m}_{n}$ $\zeta$ : $Xarrow \mathrm{S}\mathrm{y}\mathrm{m}_{n}$ 6’
$\mathrm{Y}\in \mathbb{O}_{n}$ $\zeta^{-1}(\mathrm{Y})\simeq O(k, \mathbb{C})/O$ ( $k$ $n,$ $\mathbb{C}$) Stiefel
generic $O$ ( $k$ $n,$ $\mathbb{C}$)





[23, 18, 17], $[24, 25]$ , $[4, 5])$ [23]
dual pair
$(G, G’)=(O(p, q),$ $Sp(2n, \mathbb{R}))$ $(2n<p, q)$
$[18, 17]$
$G,$ $G’$ $K,$ $K’$
$G=O(p, q)\supset K=O(p)\cross O(q)$ , $G’=Sp(2n, \mathbb{R})\supset K’=U(n)$
$\mathrm{f}=\mathrm{o}(p, \mathbb{C})\oplus \mathrm{o}(q, \mathbb{C})$ $\mathrm{f}’=\mathfrak{g}1(n, \mathbb{C})$ $K$ $K’$ Lie
( ) Cartan
$\mathfrak{g}=\mathrm{o}(p+q, \mathbb{C})=\mathrm{f}\oplus z$, $\mathfrak{g}’=\epsilon \mathfrak{p}(2n, \mathbb{C})=\mathrm{t}’\oplus\epsilon’$




$\mathfrak{g}’=5\mathfrak{p}(2n, \mathbb{C})=\{\{\begin{array}{ll}A BC -{}^{t}A\end{array}\}|A\in M_{n},$ $B,$ $C\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}\}$
$=[^{M_{n}}.$
-
${}^{t}M_{n}]\oplus\{\mathrm{S}\mathrm{y}\mathrm{m} n \mathrm{S}\mathrm{y}\mathrm{m} n\}=\mathrm{f}’\oplus\epsilon’$
$M_{p,q}=M_{p,q}(\mathbb{C})$ $p\cross q$ $\mathrm{S}\mathrm{y}\mathrm{m}_{n}=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{C})$
$\mathrm{A}1\mathrm{t}_{n}=\mathrm{A}1\mathrm{t}_{n}(\mathbb{C})$








$(A, B)\in M_{p,n}\oplus M_{q,n}=W$
$\{$
$\varphi(A, B)=A{}^{t}B\in M_{p,q}=\epsilon$ ,
$\psi(A, B)=({}^{t}AA,{}^{t}BB)\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}\oplus \mathrm{S}\mathrm{y}\mathrm{m}_{n}=\epsilon’$
$W$ $(h_{1}, h_{2})\in O(p, \mathbb{C})\cross O(q, \mathbb{C})=K_{\mathbb{C}}$ g\in GLn(C)=K\leftarrow
$((h_{1}, h_{2}),$ $g)\cdot(A, B)=(h_{1}A{}^{t}g, h_{2}Bg^{-1})$ , $(A, B)\in M_{p,n}\oplus M_{q,n}=W$
5 $g’$ $\varphi$ $K_{\mathbb{C}^{-}}$ $\psi$ $K_{\mathbb{C}^{-}}$’
Lemma 31. stable range $2n<p,$ $q$ $\text{ }$
(1) $\psi$ : $Warrow g’$ K $\epsilon’$ \simeq W//K
(2) $\varphi$ : $Warrow 5$ $\varphi(W)$ $\varphi(W)$ K\leftarrow
\mbox{\boldmath $\varphi$}(W)\simeq W//K\leftarrow
. (1) $\mathbb{C}[5’]\simeq \mathbb{C}[W]^{K\mathrm{c}}$ $p>2n$ $\mathbb{C}[\mathrm{S}\mathrm{y}\mathrm{m}_{n}]\simeq$
$\mathbb{C}[M_{p,n}]^{O(p,\mathbb{C})}$ $q$
$\varphi$ : $Warrow 5$ $\varphi^{*}$ : $\mathbb{C}[\epsilon]$ . $arrow \mathbb{C}[W]^{K_{\acute{\mathbb{C}}}}$
$\varphi(W)$ $\mathrm{K}\mathrm{e}\mathrm{r}\varphi^{*}$
$N(\epsilon)=$ { $Z\in 5|\mathrm{a}\mathrm{d}Z$ } $=$ { $Z\in M_{p,q}|Z^{t}Z$ }





$\varphi(\psi^{-1}(N(\epsilon’)))\subset N(\epsilon)$ , $\psi(\varphi^{-1}(N(\mathrm{s})))\subset N(\epsilon’)$
$($ [23], [24], $[5])_{\text{ }}$
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Theorem 32(N.-Zhu, Ohta, $\mathrm{D}\mathrm{a}\mathrm{s}\mathrm{z}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}- \mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}- \mathrm{P}\mathrm{r}\mathrm{z}\mathrm{e}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{a}$ ). stable range
$K_{\mathbb{C}}’$ $\mathbb{O}\subset N(\epsilon’)$ $\varphi(\psi^{-1}(\overline{\mathbb{O}}))=$ $K_{\mathbb{C}}$
$\mathbb{O}\subset N(\epsilon)$ $\mathbb{O}$ $\mathbb{O}$ theta lift $\mathbb{O}=\theta(\mathbb{O})$
$\psi^{-1}(\overline{\mathbb{O}})$
[23]
[23] $\overline{\mathbb{O}}=\overline{\theta(\mathbb{O})}$ K $\overline{\mathbb{O}}$
$H_{p,q}$ $\mathbb{C}[W]$ $K=O(p)\mathrm{x}O(q)$ $K$
$K$- $f(x)\in \mathbb{C}[W]^{K}$
$f(\partial)h(x)=f(\mathrm{O})h(x)$ $(\forall f(x)\in \mathbb{C}[W]\ovalbox{\tt\small REJECT}$
$h(x)$
$\mathbb{R}^{n}$ SO(n)
[7, Ch. III, \S 1]
stable range ( )
( [11] )
$\mathcal{H}_{p,q}\otimes \mathbb{C}[W]^{K_{\mathbb{C}}}$ $arrow\sim$ $\mathbb{C}[W]$
(3.1)
$h\otimes f$ – $h\cdot f$
$K_{\mathbb{C}}$ , K\leftarrow KC $\cross$ K\leftarrow
KC $\cross$ K\leftarrow $H_{p,q}$ KC $\cross$ K\leftarrow
([12], [9])
$H_{p,q} \simeq\sum_{\alpha,\beta\in P_{n}}\oplus(\sigma_{\alpha}^{(p)}\mathrm{H}\sigma_{\beta}^{(q)})\mathrm{H}(\tau_{\alpha}^{(n)*}\otimes\tau_{\beta}^{(n)})$ (3.2)
$P_{n}=\{\alpha=(\alpha_{i})\in \mathbb{Z}^{n}|\alpha_{n}\geq\alpha_{n-1}\geq\cdots\geq\alpha_{1}\geq 0\}$ $n$
$4\text{ }$
$\sigma_{\alpha}^{(p)}$
$\alpha$ $O(p, \mathbb{C})$ $5\text{ }$ $\tau_{\alpha}^{(n)}$ $GL_{n}$
$\alpha$
$\psi$ $\mathfrak{R}_{p,q}=\psi^{-1}(0)$ (null cone)
$\mathbb{C}[W]_{+}^{K\mathrm{c}}$
(3.1)
$\mathbb{C}[\mathfrak{R}_{p,q}]\simeq \mathcal{H}_{p,q}$ ( $K_{\mathbb{C}}\cross K_{\mathbb{C}}’$ ) (3.3)
$4P_{n}$ $GL_{k}(k\geq n)$















4. THETA LIFT COVARIANT
$g’$ $K_{\mathbb{C}}’$ $\epsilon’=\epsilon_{+}’\oplus\epsilon_{-}’$ $\epsilon_{-}’=\mathrm{S}\mathrm{y}\mathrm{m}_{n}$ $K_{\mathbb{C}}’=GL_{n}$
$(GL_{n}, \mathrm{S}\mathrm{y}\mathrm{m}_{n})$
$g_{-}’= \mathrm{S}\mathrm{y}\mathrm{m}_{n}=\prod_{0\leq k\leq n}\mathbb{O}_{k}^{\mathrm{h}o1}$
, $\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}=$ { $\mathrm{Y}\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}|$ rank $\mathrm{Y}=k$ }
$\mathbb{O}_{k}^{\mathrm{h}\text{ }1}$ 6 $\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}$
theta lift $\Phi_{k}^{\mathrm{o}1}=\theta(\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1})$
$\overline{\alpha_{k}\mathrm{o}1}=$ { $Z\in M_{p,q}|Z=A{}^{t}B,$ $A\in \mathfrak{R}_{p}$ , rank ${}^{t}BB\leq k$ }
$\simeq\Re_{p}\cross(M_{q,n}\cross_{\mathrm{S}\mathrm{y}\mathrm{m}_{n}}\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}})//K_{\mathbb{C}}’$ (4.1)
$\Re_{p}=\{A\in M_{p,n}|{}^{t}AA=0\}$ (null cone)
$0\leq k\leq n$
$\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}}=M_{n,k}//O(k, \mathbb{C})$ , $M_{k,n}\ni C\vdash+CC\in\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}}$ (4.2)
6 (holomorphic) ( )
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([19] ) $\mathbb{O}_{k}^{1\mathrm{o}1}$
$X_{p,q+k}=\Re_{p,q+k}//GL_{n}$
$=\{Z\in M_{p,q+k}|Z=A{}^{t}B, A\in \mathfrak{R}_{p}, B\in \mathfrak{R}_{q+k}\}$ (4.3)




Theorem 4.1. $0\leq k\leq n$ $\overline{\Phi_{k}^{\mathrm{o}1}}\simeq X_{p,q+k}//O(k, \mathbb{C})$
Remark 42. (1) $k\geq n$ $X_{p,q+k}//O(k, \mathbb{C})\simeq\overline{\alpha_{n^{\mathrm{o}1}}}$
(2)
$X_{p,q+k}\subset M_{p,q+k}$ , $\overline{\Phi_{k}^{\mathrm{o}1}}\subset M_{p,q}$
$\zeta$ : $X_{p,q+k}arrow\overline{\Phi_{k}^{\mathrm{o}1}}$ proj :
$M_{p,q+k}arrow M_{p,q}$ $X_{p,q+k}$
.
Lemma 4.3. $\mathfrak{R}_{q+k}\simeq M_{q,n\mathrm{S}\mathrm{y}\mathrm{m}_{n}}\cross M_{k,n}$
. $M_{q,n}\ni B\vdash*{}^{t}BB\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}$ $M_{k,n}\ni C\vdasharrow-\mathrm{C}C\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}$
$\mathfrak{R}_{q+k}$
$X_{p,q+k}//O(k, \mathbb{C})=\Re_{\mathrm{p},q+k}//GL_{n}\cross O(k, \mathbb{C})=(\Re_{\mathrm{p}}\cross\Re_{q+k})//GL_{n}\cross O(k, \mathbb{C})$
$=(\mathfrak{R}_{p}\cross(M_{q,n}\cross \mathrm{s}_{\mathrm{y}\mathrm{m}_{n}}(M_{k,n}//O(k, \mathbb{C})))//GL_{n}$ ( )
$=(\Re_{\rho}\cross(M_{q,n}\mathrm{x}_{\mathrm{S}\mathrm{y}\mathrm{m}_{n}}\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}}))//GL_{n}$ ( $(4.2)$ )
$=\overline{\Phi_{k}^{\mathrm{o}1}}$ ( $(4.1)$ )
$\overline{\Phi_{k}^{\mathrm{o}1}}$
$\mathbb{C}[\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}}]\simeq \mathbb{C}[X_{p,q+k}]^{O(k,\mathbb{C})}$ $A$ $\overline{\Phi_{k}^{\mathrm{o}1}}$ $A$
( ) $O(k, \mathbb{C})$
$\sigma_{\eta}^{(k)}$









$M(\eta)$ $O(p, q)$ $K$









$K’$ (‘ ” 8 (3.2)






5. THETA LIFT $\beta^{\backslash }\not\in$
$Sp(2n,$ \rightarrow ( ) $\pi’(\eta)$
9
$O(k, \mathbb{C})$ $\sigma_{\eta}^{(k)}$ $\pi’(\eta)$ $\sigma_{\eta}^{(k)}$ -Vergne
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$Mp(2n, \mathbb{R})$ ( )
10
$\eta$ $n$ $\eta=(\eta_{1}, \ldots, \eta_{n})\in P_{n}$ 11 $\pi’(\eta)$ $K$
$\tau_{\eta+k/2\mathrm{I}}^{(n)}=\tau_{\eta}^{(n)}\otimes(\det_{n})^{k/2}$ , $\mathrm{I}=(1,1,’\ldots, 1)$
$K$ $K’=U(n)$
$U(n)^{\sim}$
Theorem 5.1. $\pi’(\eta)=\theta_{O(k)arrow Sp(2n,R)}^{\mathrm{K}\mathrm{V}}(\sigma_{\eta}^{(k)}.)$
(1) $\pi’(\eta)$ $K$ $(r= \min(k, n))$ .
$\pi’(\eta)|_{U(n)^{\sim}}\simeq(\det_{n})^{k/2}\otimes(\sigma_{\eta}^{(k)*}\otimes \mathbb{C}[M_{k,n}])^{O(k,\mathbb{C})}$
$\simeq\sum_{\lambda\in P,}\oplus \mathrm{H}\mathrm{Q}\mathrm{j}1\}$
$.o(k,\mathrm{q}(\sigma_{\eta}^{\langle k)}, \tau_{\lambda}^{\langle k)})\otimes(\tau_{\lambda}^{(n)}\otimes(\det_{n})^{k/2})$
(2) $\pi’.(\eta)$
$A\mathrm{C}(\pi’(\eta))=\{\begin{array}{l}\mathrm{d}\mathrm{i}\mathrm{m}\sigma_{\eta}^{(k)}\cdot[\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}\mathrm{l}}}]\mathrm{d}\mathrm{i}\mathrm{m}(\sigma_{\eta}^{(k)})^{O(k-n,\not\in)}\cdot[\overline{\mathbb{O}_{n}^{\mathrm{h}\mathrm{o}1}}]\end{array}$ $n\leq k0\leq k\leq n$
Remark 52. $\pi’(\eta)$ $0\leq k\leq n$ [19], [31]
[31] $n\leq k$ [19] $n\leq k$
[19]
. (1) [12]
(2) $\pi’(\eta)$ $\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}}$ $\overline{\mathbb{O}_{n}^{\mathrm{h}\mathrm{o}1}}=\epsilon_{-}’$
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{A}(\sigma_{\eta}^{(k)*}\otimes \mathbb{C}[M_{k,n}])^{U(k,\mathrm{L})}.$ , $A=\mathbb{C}[\overline{\mathbb{O}}]$ (5.2)
(1)
$(\sigma_{\eta}^{(k)*}\otimes \mathbb{C}[M_{k,n}])^{O(k,\mathbb{C})}\simeq(\det_{n})^{-k/2}\otimes\pi’(\eta)|_{U(n)^{\sim}}$
$\pi’(\eta)$ $\mathrm{H}\dot{\mathrm{a}}\mathrm{r}\mathrm{i}\mathrm{s}.\mathrm{h}$ -Chandra Poincar\’e
(5.2) 27
10 .
compact theta lift ([6], [32]
)
$11k\geq n$ $\eta\not\in P_{n}$ [ $\pi’(\eta)=0$
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$Mp(2n, \mathbb{R})$ $\pi’(\eta)$ $O(p, q)^{-}$
theta lift $\pi(\eta)=\theta(\pi’(\eta))$
Theorem 53(N.-Zhu). stable range $2n<p,$ $q$ $\text{ }$ $\pi’(\eta)$
5.1 $\pi(\eta)=\theta(\pi’(\eta))$ theta lift






(3) $\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}=\theta(\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1})$ theta lift $\pi(\eta)$
$A\mathrm{C}(\pi(\eta))\dashv$
$\dim\sigma_{\eta}^{(k)}\cdot[\overline{\Phi_{k}^{\mathrm{o}1}}]$ $0\leq k\leq n$
$\dim(\sigma_{\eta}^{(k)})^{O(k-n,\mathbb{C})}\cdot[\overline{\emptyset_{n}^{01}}]$ $n\leq k$
Remark 54. (1) (2) $K$ $p+q\not\equiv k$ (mOd2)
(2) $k=0$ $\pi’(\eta)(\eta=0)$ $n=1$ $k=0$
\pi (\eta )=\mbox{\boldmath $\theta$}sL2(R)+O(p,q)( ) $p+q\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 2)$
$O(p, q)$ $O(p, q)$ [15], [2], [13]
. (2) (1) $K$





$\zeta$ : $X_{p,q+k}arrow X_{p,q+k}//O(k, \mathbb{C})\simeq\overline{\Phi_{k}^{\mathrm{o}1}}$
$M_{k,n}arrow\overline{\mathbb{O}_{k}^{\mathrm{h}\mathrm{o}1}}$ $\zeta$ generic
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Remark 42 . generic $0\leq k\leq n$
$n\leq k$ $O(k-n, \mathbb{C})$ 2.4
12
$A\mathrm{C}(\pi’)=m\cdot[\overline{\mathbb{O}}]$ $\Rightarrow$ $A\mathrm{C}(\theta(\pi’))=m\cdot[\overline{\theta(\mathbb{O})}]$
stable range stable range
$\pi’$
6.
$\sigma_{\lambda}^{(q)}$ $\lambda$ $O(q, \mathbb{C})$
$O(q)$ $O(q, \mathbb{C})$ $O(q)$
$\tau_{\lambda}^{(n)}$ $GL_{n}(\mathbb{C})$ $U(n)$ $\lambda$
$\tau_{\lambda}^{(n)}\otimes\tau_{\mu}^{(n)}\simeq\sum_{\nu}^{\oplus}\mathrm{L}\mathrm{R}_{\lambda,\mu}^{\nu}\tau_{\nu}^{(n)}$ (6.1)
$\tau_{\lambda}^{(k)}|_{o(k)}\simeq\sum_{\mu}^{\oplus}c_{\mu}^{\lambda}\sigma_{\mu}^{(k)}$ (6.2)
$\sigma_{\nu}^{(q+k)}|_{o(q)\mathrm{x}O(k)}\simeq\sum_{\lambda,\eta}^{\oplus}b_{\lambda,\eta}^{\nu}$ \sigma \lambda (q $\sigma_{\eta}^{(k)}$ (6.3)
Proposition 6.1. $2n<q,$ $0\leq k\leq n$
$b_{\lambda,\eta}^{\nu}= \sum_{\mu\in P_{k}}c_{\eta}^{\mu}\cdot \mathrm{L}\mathrm{R}_{\lambda,\mu}^{\nu}$







. covariants $(\sigma_{\eta}^{(k)}\otimes \mathbb{C}[X_{p,q+k}])^{O(k,\mathbb{C})}$
(6.4)
$\mathbb{C}[X_{p,q+k}]\simeq \mathbb{C}[\mathfrak{R}_{p,q+k}]^{GL_{n}}$ ( (4.3) )
$\simeq\sum_{\alpha,\beta\in P_{n}}$
($\sigma_{\alpha}^{(p)}\oplus$ $\sigma_{\beta}^{(q+k)}$ ) $\mathrm{H}(\tau_{\alpha}^{(n)*}\otimes\tau_{\beta}^{(n)})^{GL_{n}}$ ( $(3.2)$ )












Proposition 6.2. $k\geq 2n$ $\eta\in P_{n}$ $O(n)$
$(\sigma_{\eta}^{(k)})^{O(k-n)}|_{o(n)}\simeq\tau_{\eta}^{(n)}|_{o(n)}$
. $k\geq 2n$ $O(k)\cross GL_{n}$
$\mathbb{C}[M_{k,n}]\simeq H_{k}\otimes \mathbb{C}[M_{k,n}]^{O(k)}\simeq H_{k}\otimes \mathbb{C}[\mathrm{S}\mathrm{y}\mathrm{m}_{n}]$ (6.5)
$H_{k} \simeq\sum_{\alpha\in P_{n}}\oplus\sigma_{\alpha}^{(k)}\mathrm{H}\tau_{\alpha}^{(n)}$
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(6.5) $O(k-n)$









[1 Jeffrey Adams and Dan Barbasch. Reductive dual pair correspondence for complex groups. J. Punct.
Anal., 132(1):1-42, 1995.
[2] B. Binegar and R. Zierau. Unitarization of asingular representation of SO(p, $q$). Comm. Math. Phys.,
138(2):245-258, 1991.
[3 Andrzej Daszkiewicz, Witold $\mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}$ , and Tomasz Przebinda. Nilpotent orbits and complex
dual pairs. J. Algebra, 190(2):518-539, 1997.
[4 Andrzej Daszkiewicz, Witold $\mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}$ , and Tomasz Przebinda. Dual pairs and Kostant-Sekiguchi
correspondence. I. J. Algebra, 250(2):408-426, 2002.
[5 Andrzej Daszkiewicz, Witold $\mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}$ , and Tomasz Przebinda. Dual pairs and Kostant-Sekiguchi
correspondence. $\mathrm{I}\mathrm{I}$ . classification of nilpotent elements. 2002. Preprint.
[6 Mark G. Davidson, Thomas J. Enright, and Ronald J. Stanke. Differential operators and highest
weight representations. $Mem$. Amer. Math. Soc., 94(455): $\mathrm{i}\mathrm{v}+102$ ,1991.
[7] Sigurdur Helgason. Groups and geometric analysis. Academic Press Inc., Orlando, $\mathrm{F}\mathrm{L}$ , 1984. Integral
geometry, invariant differential operators, and spherical functions.
[8] Roger Howe. Dual pairs in physics: harmonic oscillators, photons, electrons, and singletons. In
Applications of group theory in physics and mathematical physics (Chicago, 1982), pages 179-207.
Amer. Math. Soc., Providence, $\mathrm{R}\mathrm{I}$ , 1985.
[9] Roger Howe. Remarks on classical invariant theory. $\pi_{ans}$ . Amer. Math. Soc., 313(2):539-570, 1989.
[10] Roger Howe. Transcending classical invariant theory. J. Amer. Math. Soc., $2(3):535-552$,1989.
[11] Roger Howe. Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond.
In The Schur lectures (1992) (Tel Aviv), pages 1-182. $\mathrm{B}\mathrm{a}\mathrm{r}-\Pi \mathrm{a}\mathrm{n}$ Univ., Ramat Gan, 1995.
[12] M. Kashiwara and M. Vergne. On the Segal-Shale-Weil representations and harmonic polynomials.
Invent. Math., 44(1):1-47, 1978.
[13] Toshiyuki Kobayashi and Bent Orsted. Analysis on the minimal representation of $O(p, q)-\mathrm{I},$ $\mathrm{I}\mathrm{I}$ , III.
2001. Preprint, RJMS-1337-RIMS-1339.
[14] Bertram Kostant. Lie group representations on polynomial rings. Amer. J. Math., 85:327-404, 1963.
60
$\mathrm{K}\mathrm{Y}\mathrm{O}$ NISHIYAMA
[15] Bertram Kostant. The vanishing of scalar curvature and the minimal representation of SO $(4, 4)$ . In
Operator algebras, unitary representahons, enveloping algebras, and invaiant theory (Paris, 1989),
pages 85-124. Birkh\"auser Boston, Boston, MA, 1990.
[16] Jian-Shu Li. Singular unitary representations of classical groups. Invent. Math., 97(2):237-255, 1989.
[17] Kyo Nishiyama. Multiplicity-free actions and the geometry of nilpotent orbits. Math. Ann.,
318(4):777-793, 2000.
[18] Kyo Nishiyama. Theta lifting of twO-step nilpotent orbits for the pair $\mathrm{O}(p, q)\mathrm{x}\mathrm{S}p(2n, \mathbb{R})$ . In Infinite
dimensional hamonic analysis (Kyoto, 1999), pages 278-289. Gr\"abner, Altendorf, 2000.
[19] Kyo Nishiyama, Hiroyuki Ochiai, and Kenji Taniguchi. Bernstein degree and associated cycles of
Harish-Chandra modules–Hermitian symmetric case. Ast\’erisque, (273):13-80, 2001. Nilpotent or-
bits, associated cycles and Whittaker models for highest weight representations.
[20] Kyo Nishiyama and Chen-Bo Zhu. Theta lifting of the trivial representation and the associated
nilpotent orbit –the case of $U(p, q)\mathrm{x}U(n, n)-$ . In Proceedings of Symposium on Representation
Theory 1999 (Tateyama, Chiba), pages 188-206.1999.
[21] Kyo Nishiyama and Chen-Bo Zhu. Theta lifting of holomorphic discrete series: the case of $U(n, n)\mathrm{x}$
$U(p, q)$ . $\pi ans$ . A $mer$. Math. Soc. , 353(8):3327-3345(electronic), 2001.
[22] Kyo Nishiyama and Chen-bo Zhu. Theta lifting of highest weight modules and their associated cycles.
2002. In preparation.
[23] Kyo Nishiyama and Chen-bo Zhu. Theta lifting of nilpotent orbits for symmetric pairs. 2002. Sub-
mitting.
[24] Takuya Ohta. Nilpotent orbits of $Z_{4}$ -graded lie algebra and geometry of the moment maps associated
to the dual pair $(U(p, q),$ $U(r, s))$ . 2002. Preprint.
[25] Takuya Ohta. Nilpotent orbits of $Z_{4}$-graded lie algebra and geometry of the moment maps associated
to the dual pairs $(O(p, q),$ $Sp(2n, \mathrm{R}))$ and $(O^{*}(2n), Sp(p, q))$ . 2002. In preparation.
[26] Annegret Paul. Howe correspondence for real unitary groups. J. Funct. Anal., 159(2):384-431, 1998.
[27] Annegret Paul. Howe correspondence for real unitary groups. $\mathrm{I}\mathrm{I}$ . Proc. A$mer$. Math. Soc., 128(10):
3129-3136,2000.
[28] Tomasz Przebinda. The duality correspondence of infinitesimal characters. Colloq. Math., 70(1):93-
102, 1996.
[29] Tomasz Przebinda. ACauchy Harish-Chandra integral, for areal reductive du pair. Invent. Math.,
141 (2) $:299-363$ ,2000.
[30] B. Vinberg and $\mathrm{V}.\mathrm{L}$ . Popov. Invariant theory. In Algebraic geometry. $IV$, pages 123-278. Springer-
Verlag, Berlin, 1994.
[31] Hiroshi Yamashita. Cayley transform and generalized Whittaker models for irreducible highest weight
modules. Ast\’erisque, (273):81-137, 2001. Nilpotent orbits, associated cycles and Whittalcer models
for highest weight representations.
[32] Hiroshi Yamashita. Isotropy representation and projection to the PRV-component. 2002.
.
[33] . 1. , 1998. .
$\mathrm{K}\mathrm{Y}\mathrm{O}$ NISHIYAMA, FACULTY OF $\mathrm{I}\mathrm{H}\mathrm{S},$ KYOTO UNIVERSITY, SAKYO, KYOTO 606-8501, JAPAN
$E$-mail address: kyoQmath. $\mathrm{h}.\mathrm{k}\mathrm{y}\mathrm{o}\mathrm{t}\mathrm{o}-\mathrm{u}.\mathrm{a}\mathrm{c}.\mathrm{j}\mathrm{p}$
61
